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LIMIT ANALYSIS WITH MULTIPLE LOAD PARAMETERSt

PHILIP G. HODGE, JR.t

Illinois Institute of Technology, Chicago, Illinois, U.S.A.

Abstract-Upper and lower bound theorems are established for the yield-point interaction curve of a structure
with more than one independently prescribed load parameter. The problem of finding the safety factor on the
surface loading for a structure subject to a fixed body force is considered as a special case. The theory is illustrated
with applications to beams and circular plates..

1. INTRODUCTION

THE PROBLEM of classical limit analysis may be stated as follows: given a rigid/plastic
structure R subject to a prescribed set of loads T on a part Br of the boundary of R, con
strained against motion on the remainder Bv of the boundary, and with zero body forces,
find the multiplier p such that the loads pT will just cause plastic deformation of the
structure. The well known theorems of limit analysis prove that p is unique and provide
methods for finding upper and lower bounds on p.

The restriction to zero body force is not often emphasized, but it is essential to the proofs
of the theorems. To see this fact, let us consider the case where the body force distribution F
is known and fixed (such as the weight of the structure), and it is desired to find the safety
factor on the surface load T (such as a wind load).

The standard proof of the lower bound theorem begins by defining a statically admis
sible field as any state of stress O'~ which satisfies the yield condition and is in internal and
external equilibrium with loads pOI;. Therefore

O'Ji,j+Fi = 0 in R

e:rJ;ni = pOI; on Br .
(1.1)

Let Vi and O'ji be actual velocity and stress fields for plastic deformation and apply the
principle of virtual work to both stress fields and the actual velocity field:

(1.2)

where

(1.3)

t This research was sponsored by the U.S. Office of Naval Research (DOMIIT Summary Report 1--41).
t Professor of Mechanics.
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is the strain-rate field. Taking the difference between the two equations (1.2), we obtain

(p - pO) f Tiv; f (O';j - (j~)f.ij 2': 0 (1.4)
JBr JR

where the last step follows from Drucker's postulate [1] for a stable material:

«(jij (j~)tij 2': O. 0.5)

Now, if there were no body forces, it would follow from thermodynamics that since
pfBT Tiv; represented all of the external rate of work of a real plastic deformation, the
strict inequality

P r Tiv; > 0
JB-r

(1.6)

would be satisfied. Therefore, since P is positive (1.4) would lead to the desired conclusion

(1.7)

(1.8)

(1,9)

However, although the body force does not appear in (1.4) explicitly, its presence in the
problem means that (1.6) must be replaced by

r Fiv;+ P r TiVi > O.Jv JB-r

Therefore, no conclusion can be drawn concerning the sign of the integral in (1.4), and
hence (1.7) may be either true or false.

Consider next a different problem associated with the same situation in which P is to
be the safety factor for all loads F and T. In this case (1.4) is replaced by

(p_p
O)(!FiVi+ fBT T;Vi) 2': 0

and (1.8) by

(LlO)

Therefore, in this case (1.7) is always valid.
A more general problem, which includes both of the above as special cases is one where

we wish to prescribe safety factors on both the body force and the surface loads, with the
two factors not necessarily equal. Thus, we are concerned with pairs of numbers PI, P2
such that the loads PIT on the surface and P2F in the interior just cause plastic deformation.
In geometric terms, we seek a certain domain in a load space with coordinates PI and P2.

It turns out that this domain is a convex curve with the further property that when the
vector P = (PI, P2) is inside the curve no plastic deformation occurs, whereas when it is
outside the curve no equilibrium state exists for a perfectly plastic material.

The above problem is, in turn, a special case of a structure subjected to any number
of independently prescribed loads which was considered in [2]. In the next section we
shall develop the theory in terms of that more general problem and we shall extend the
results to include an explicit proof of two generalized limit analysis theorems.
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The significance of the theorems is illustrated in Section 3 by application to the simple
case of a cantilever beam subject to its own weight and to an end load. Then, as a less
trivial example, we consider a circular plate pierced by a central tube and subject to pressure
and to a shear force due to the tube.

2. THEORY

Let R be a given structure with boundary B, and let Qa, "a (IX = 1, ... , r) be appropriate
generalized stresses and strain rates for R [3]. Let R be subject to m independently prescribed
generalized surface traction distributions Tk(x), to n-m generalized body force distributions
Fk(x) and, possibly, to zero velocity constraints. We note that the domains on B ofTk and
T l may coincide, intersect, or be disjoint. It is, of course, assumed that the total prescription
of traction and velocity is consistent with a well-posed boundary value problem.

We allow each independent force to be multiplied by a parameter Pk, and consider the
structure under the total loading

m

T(x, p) = LPkTk(x)
!

n

F(x, p) = L PkFix)
m+!

x on B

x on R.

(2.1)

We define a statically admissible stress state as a generalized stress distribution Q2
and a load vector pO such that Q2 satisfies the yield condition and is in equilibrium with
loads defined by (2.1) with p replaced by pO.

To define a kinematically admissible state we begin with any generalized velocity fields
w* on Band v* on R which satisfy continuity and boundary conditions. Next, a generalized
strain-rate field ,,: is derived from v* by the appropriate strain-rate-velocity relations,
and a stress field Q: is obtained from ,,: by the flow rule and yield condition. We then
define the components of a mude vector E* by

k = 1, ... ,m

(2.2)

k=n+1, ... ,n

(2.3)

and require that v* and w* be such that E* # O. Finally, a kinematically admissible fiat ~

is defined in load space as the locus of vectors p* which satisfy

p* . E* = LQ:q:.

Geometrically, p* defines an n -1 dimensioned hyperplane which is perpendicular to the
mode vector.
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We can apply the principle of virtual work to any combination of statically and kine
matically states to obtain

t Q~q: = fa T . w* + fR F . v*

= f p~ f T k • W* + ±p~ f Fk • V*
I JB m+1 JR

(2.4)

(2.5)

where we have used (2.1). Therefore, in view of (2.2),

t Q~q: = pO. E*.

Next, we define a yield-point state Q~, q~, p, etc. as any state which is in equilibrium and
which satisfies the flow rule with a non-trivial velocity field, i.e. such that the strict inequality

p.E > 0 (2.6)

is satisfied. The set of points p which are part of a yield point state will form a certain locus
in load space which we shall refer to as the yield-point interaction surface.

It is evident from our definitions that the yield-point state is both statically and kine
matically admissible. Therefore, either or both of the states in (2.5) may be replaced by a
yield-point state. Further, Drucker's stability postulate [1] may be applied to conclude

(Q~ - Q~)tj~ ~ 0

(Q: - Q~)q: ~ o.

(2.7)

(2.8)

In terms of the preceding definitions the two generalized theorems of limit analysis
are conveniently stated as follows in the geometrical terminology of load space.

Lower bound theorem
A statically admissible state can be associated with the load state pO if and only if po

is on or within the yield-point interaction surface.

Upper bound theorem

A kinematically admissible state can be associated with the load state p* if and only if p*
is outside of or on the yield-point interaction surface.

To prove the lower bound theorem, we first integrate (2.7) over R and use (2.5) to obtain

(p_po). E ~ 0 (2.9)

As was shown in [2], (2.9) implies that the interaction surface is convex and that E is an
exterior normal to the surface at the point p.

By definition, a load point on the interaction surface r is associated with a yield state
and hence with a statically admissible state. For any other load point P, we can draw a ray
(not unique, of course) which cuts the interaction surface in two points A and C, Fig. l(a).
Then

pO(P) = P(A)+A[P(C)-p(A)] (2.1 0)
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FIG. I. Load space for proof of theorems.
(a) Lower bound theorem.
(b) Upper bound theorem.

where, in view of the convexity of r,
o< A < 1 for P inside r

1 < A for P outside r.
For P inside r, we construct the stress state
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(2.11)

(2.12)

(2.13)

Since all equilibrium relations are linear, Q~ is in equilibrium with the load vector pO
defined by (2.10); since Q"JA) and QiC) are on or within the yield curve of the material,
and since this curve is convex [I], it follows from (2.11) that Q2 satisfies the yield criterion.
Therefore, (2.13) defines a statically admissible state for any point P inside r.

On the other hand, if any point P outside of r were statically admissible, we could take
C and P as the yield-point and admissible states in (2.9) and use (2.10) to obtain

(l-A){[p(C)- P(A)]. E(C)} ~ O. (2.14)

Since the yield-point state A is statically admissible, (2.9) shows that the brace in (2.14) is
non-negative, and the non-uniqueness of the ray PCA can always be invoked to make it
strictly positive. Therefore (2.14) requires

A<1. (2.15)
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The contradiction between (2.12) and (2.15) shows that P outside of r is not statically
admissible and hence completes the proof.

To prove the upper bound theorem, we first integrate (2.8) over R and use the definition
(2.3) to obtain

(p* - p) . E* ;;::: O. (2.16)

Let p(P) be the vector to a load point P which is on or outside of the interaction surface r
and let ~ be any hyperplane through P which is tangent to r; denote a point of tangency
by A [Fig. 1(b)]. Since A is a yield-point state, it is kinematically admissible and we shall show
that P(P) is a member of the kinematically admissible flat associated with the state A.

We first note that the definition of ~ allows us to write

p(P) = p(A) +; (2.17)

where; is a vector in the hyperplane~.Then, since E(A) is normal to the interaction curve
at A it is normal to tJ and hence

E.; = O.

Finally, we apply (2.5) to the yield-point state A, and use (2.17) and (2.18) to obtain

t Qil, = p(A). E = p(P). E.

(2.18)

(2.19)

Therefore, it follows from (2.3) that p(P) is on the kinematically admissible flat associated
with A.

That P cannot be inside the interaction curve follows from the same arguments that
show r is convex and E is normal to r. Indeed, if there exists an E* t= 0 associated with P,
(2.16) shows immediately that all yield-point states p must be on one side of the plane
through P normal to E*, Fig. l(b). Therefore P cannot be in the interior off and the contra
diction completes the proof of the theorems.

3. BEAM EXAMPLE

Consider the cantilever beam in Fig. 2(a), where T and P are given positive numbers. We
define dimensionless quantities by

m = M/M o

p = PL z/2M o

x = X/L

t = TL/Mo
(3.1)

and consider the structure under loads p, t, pzp; without loss of generality we take
t = P = 1. Then, for a statically admissible state, equilibrium demands

mO(x) = -p?x-p~Xz (3.2)

and the yield requirement is

- 1 s mO(x) :s; 1 for all 0 s x s 1. (3.3)

The constraints (3.3) must always apply at the root of the beam x = 1, hence

- 1 :s; p? + p~ :s; 1. (3.4a, b)
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(a)

-1r---G...;.-..::,---- - - -- -- --- -- - --- --- -i--
a'

/J-~-------L -------~

(b)

FIG. 2. Cantilever beam.
(a) Loaded beam.
(b) Mechanism.

In addition, if p? and P~ are such that the extremum of the quadratic function (3.2) falls
within the beam length, (3.3) must be satisfied at the extreme point. Thus

if 0 .:s; - p? .:s; 2p~

if 0 ~ - p? ~ 2p~

then p~ ~ i-(p?)2

then p~.:s; -t(p?)2.

(3.4c)

(3.4d)

Figure 3 shows the boundary of the domain defined by (3.4).
To apply the upper bound theorem, consider the family of mechanisms defined by

Fig. 2(b). The mode vector is easily obtained in the form

(3.5)

whereas it follows from (2.3) that
L+

p*. E* = f. M*K* = MoIO*I.
0-

(3.6)

Therefore, (2.16) shows that

p.E* = M oO*(PtY+P2y2).:s; MoIO*1

or, equivalently

(3.7)

For any choice of Y, 0 .:s; Y .:s; 1, (3.7) can be used to draw a linear upper bound on the
interaction curve as illustrated in Fig. 3. However, in this simple example one may choose Y
analytically to find the best upper bound. Indeed, it is evident that the restrictions are
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FIG. 3. Beam interaction curve.

exactly the same as (3.3) so that the upper and lower bounds coincide and we have found
the exact interaction curve,

In terms of this example, we can now clarify the problem posed in the Introduction
concerning fixed body force loads. If we have no body force, pz = 0, and, in view of the
symmetry of Fig. 3, the yield-point behavior is fully prescribed by the single positive
number PI = P = 1.

However, for any non-zero body force, we fix a non-zero value of P2 as shown by line
AB in Fig. 3 and it now requires two numbers to specify the yield-point behavior. Therefore,
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(3.8)

a single number p is not properly defined in this case and it is not surprising that we were
unable to prove (1.7). Ifwe do define two yield-point loads, say p+ and P-, then it is evident
that any mechanism associated with p + will have

£1 = f T;v; > 0
BT

whereas for p-, £1 < O. Therefore (1.4) shows that

(3.9)

which is a proper generalization of (1.7) and a proper special case of the lower bound
theorem proved in the preceding section.

4. PLATE EXAMPLE

As a less trivial application, we consider an annular plate of inner and outer radii A
and B, respectively (Fig. 4). The outer edge is welded to a fixed support and the inner edge
is welded to a rigid pipe which transmits a shear force S per unit length to the plate. In
addition, the plate is subjected to a pressure P per unit area. It is desired to determine the
plastic interaction curve between P and S.

The rotationaIly symmetric plate problem is fuIly defined by a deflection rate W,
the generalized strain-rates

K o = -dW/(R dR)

FIG. 4. Annular plate with pipe insert.
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and the corresponding generalized stresses M rand M 0, all as functions of the radial distance
R. We introduce the dimensionless quantities

r = RiA h BIA IV WjA

m = M/Mo " AK e E/2 AMo (4.1)

P = PA 1/6M o s = SB/M o

where Mo is the fully plastic moment. We shall use primes to denote differentiation with
respect to r. Without loss of generality we may set p = s 1 and look for the interaction
curve relating the loads PIS and P2P,

A statically admissible moment state (m?, m~) must satisfy the yield condition and
equilibrium. We shall assume Tresca's yield condition (Fig. 5):

max [lm?l, Imgl, 1m? - mm ~ 1. (4.2al

All equilibrium requirements, including the shear boundary condition at r h will be
satisfied if m? is continuous and

(4.2b)

A kinematically admissible state is defined by any continuous deflection rate w* which
satisfies the boundary condition

w*(I) = 0

The mode vector (2.2) is given by

e* = ~lt'*(b),6 f w*(r)rdrl

The generalized strain-rate vector is

(4.3a)

(4.3b)

(4.3c)

whence it follows from (2.3) that the associated kinematically admissible flat is defined by

p*. e* = f' (m~K~ +mt4)r dr. (4.3d)

The moment state in (4.3d) must be a point (m~, m:J on the yield hexagon of Fig. 5 such that

(4.3e)

where n: is a unit outward normal to Fig, 5 at (mi, m3'), and ;.* ::::: O.
Any solution of (4.2) furnishes a pO which is on or within the interaction curve. Any

solution of (4.3) furnishes a p* which is on or outside of the interaction curve. Finally, if all
of (4.2) and (4.3) are satisfied, a complete solution will be defined, and the associated p
must be precisely on the interaction curve.

For small values of b and some range for PI, we might expect the complete solution
to be associated with the stress profile BCD at yield [Fig. 5(a)] which was found by Hopkins
and Prager [4] for a solid plate under uniform pressure. The moment solution according
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r= b.'
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m,

to this hypothesis is

FIG. 5. Tresca yield condition.
(a) Profiles for complete solution.
(b) Profiles for lower bound.

b ~ r ~ c: mr = 1-(pdr)(r-bf(r+2b)-(P2/r)(r-b)

c~r~ l:mr = -1+logr+ipdl+2b2Iogr-r2)-p2Iogr

where PI and P2 are given in terms ofthe parameter c by

P2 = (blogc+c-b)ld

(4.4)

(4.5)

(4.6)

Curve CHABJ'C' in Fig. 6 shows the curve (4.5). Since the solution of this problem is
obviously symmetric about the origin in load space, we have also drawn the reflection
C'H'A'B'JC.

Now, the solution (4.4) and (4.5) satisfies equilibrium and the equations mB = 1 or
mo - m, = 1. However, we have not yet enforced the requirement that it lie on the finite
portions of those lines as drawn in Fig. 5(a). A necessary and sufficient condition that this
requirement be met is that m~ ~ 0 in all b ~ r ~ 1. This requirement is easily checked
numerically by computing m~ at r = b, r = c and r = 1. The resulting statically admissible
portion of (4.5) is shown as AB in Fig. 6. Using the reflected portion A'B' and the fact that
the interaction curve is convex, we have established the closed curve ABA'B' as a lower
bound.

A velocity field based on the profile of Fig. 5(a) and satisfying (4.3a) and (e) is

b ~ r ~ c: w = C(l-log c - ric)

c ~ r ~ 1: w = - Clog r

and the associated mode vector is

e = (l/c)[c-b-c log c, (C-b)2(C+2b)+(3/2)c(l-c 2 )+3b2c log c]. (4.7a)
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FIG. 6. Plate interaction curve. b = 0'1.
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(4,7b)

In computing (4.3d) we note that w' does not satisfy the clamped condition at r = hand
r = 1, hence a finite contribution to the integral occurs at those two points. Thus

p. e = Ihw'(b)1 + {< (e/c)r dr+ i l

(C/r) dr+lw'(l)1

= C(2-10gc)

where we have taken C > O.
For any choice ofc equations (4.7) define a straight line which is everywhere on or outside

of the interaction curve:

g(C,PbP2) == pl(l-logc-b/c)--(2-10gc)

+P2[3h 2 Iogc+(-c2-6h2 +3-4b3 /c)/2] = 0 (4.8)
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Therefore, the envelope of (4.8) obtained by eliminating c between (4.8) and

ogloc == pt(b-c)+P:2(3b2c-c3 -2b3)+c = 0 (4.9)

will be an upper hound for the interaction curve. It is readily verified that equations (4.8)
and (4.9) are equivalent to (4.5) so that the evelope is CABC' in Fig. 6. Therefore, using
symmetry with respect to the origin, we have constructed to upper bound CABC'A'B'.
On the basis of the profile in Fig. 5(a), then, we have both upper and lower bounds for the
entire range' of P1 and P2, together with part of the exact solution.

Rather than seek to extend the exact solution, we look directly for some improved
bounds. Let us consider a profile of the form

(4.10)

where u is a constant. The solution of equation (4.2b) is evidently

m'! = A-fP~,.z+(3p~b2+u-p~)logr. (4.1 i)

We take pg to be positive for definiteness, and define r == f as the single root of m; = O.
Then

p? = u-3p~(f2_b2) (4.12)

and equation (4.11) can be rewritten in the form

m~ = A-tP~(j210gr2-r2). (4.13)

We wish to eliminate the three parameters, A, f and u, in order to obtain a relation between
p? and p~. To this end we need four equations including (4.12). Now, with reference to
Fig. 5(b), the stress point will move monotonically along one of the profiles as r increases
from b to I. and will move in the reverse direction as r increases from I to 1. Therefore, a
reasonable basis for obtaining the three additional equations is to require that the stress
points corresponding to r = b, f, and 1 lie on the yield curve.

There are four possibilities depending upon the sign ofu and whether r = fis a minimum
or maximum. It turns out that the case where m~ is a maximum at f is of interest Then
for u > 0, the three·equations are

m,.(b) = A +jp~(f2 log b2- b2
) = -1

mr(l) = A -jpg = -1 (4.14)

me(/) = A +tpg(f2}ogp- f2)+U =: 1.

Three similar equations are obtained for u < O. Elimination of A and solution for f leads
to results which can be written

.r = [(b2 -1)/log b2J!

p~ = ~2-lul)(1-P+Plogf2)-1.

(4.15)

(4.16)

Fora given hole radius b,I is determined by (4.15), and it is easily verified that b :0:; is 1.
Equations (4.16) and (4.12) then give p~ and p? as functions of the parameter u, subject to
os luI :0:; 1. Since these functions are piecewise linear, the resulting curve will consist of
linear segments in Fig. 6 connecting the points E, D and F corresponding respectively to
u = -I,Oand L
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In view of the previous lower bound and the convexity of the interaction curve, DA is an
improved lower bound over DF and EB' can be drawn as a lower bound. Finally, it follows
from symmetry that the lower bound now stands as ABE'D'A'BEDA.

Improved upper bounds are obtained by considering the linear profiles shown in Fig. 7.
According to Fig. 7(a),

h:s:: r:S:: c:w* = A(I-c)

c :s:: r :<:: 1: 11'* = A(I - r)

e* = A(I-c)[l, 1+c+c2 -3b2
J

p*.e* = Icw*'(c)I+lw*(I)-w*(c)I+lw*'(I)1 = 21AI·

If A is positive it follows from (4.18) that the straight line

pj + pH! +c + c2
- 3h 2

) = 2/(I-c)

*------------------------------

(a)

I ~ --- - - --- - - - - - - -::o-------------t%/

L.- (b)
I

1_:-c-

FIG. 7. Plate mechanisms.

(4.17)

(4.18)

(4.19)
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(4.20)

is everywhere on or outside of the interaction curve for any choice of c. Therefore, the
envelope of (4.19),

pt = -6(e2 b2)/[(1 +2c)(1-e2 )J

p!= 2/[(1 +2c)(1-c2
)]

is an upper bound on the ineraction curve, as shown by GHI in Fig. 6. GH is inferior to
our previous result, but HI shows an improvement over He.

Similarly, the mechanism of Fig. 7(b) leads to

and the upper bound

e* = -A(e b)[l, (c - b)(e+2b))

p* . e* = lelAl

pT+(e- b)(c+2b)p! = 2c/(e-b)

(4.21)

(4.22)
pf = -4{e3 -b3 )J(b+2c)(c-b)2

p! = 2b/[(b+2e)(c-b)2J

as shown in IJ in Fig. 6. Finally, it follows from symmetry, that IHABJ'I'H'A'B'JI is an
upper bound on the interaction curve.

Our purpose in preparing Fig. 6 has been to illustrate how the theorems may be used
to give easily computed bounds which give a fair approximation to the interaction curve.
Obviously more accurate bounds can be obtained by looking for more realistic stress
profiles and mechanisms and by relating them to each other..
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A6CTpaKT-npC~nOJlaraIOTCli BCpXHllll H HHJKHllSl npe,nerrhHble TcopeMhl .lJJIll KpHBOi1 BJaHMo.ucHCTBKSl

TO'iKK TeKy'lccTH ,nJlll cucrnew, 06JIa~a1OWKx 60rree qeM O,ll.RHM HC3aSHCHMhlM 3a,ll.alfl-lhlM napaMeTpoM

HarpyJKH. PaccMarpHBaeTcli 3a,a:a'ia onpe~eJICHHlI !panopa 6e30lIacHocTH noscpXHOCTK Harpy3KK Ami
cllcrncrn nO~BepJKCHHOHL\eHCTBHIO3a,a:aRRoH CHJlh!. TCOPlfll HJlJllOCTPHPYIOTClI npHMepaMH ~Jlll 6aJIOK M
KpyrJlblX IIJ1aCTliHOK.


